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In this paper, some Virasoro integrable models are obtained by means of the realizations of
the generalized centerless Virasoro-type symmetry algebra, [o(f1),0(f2)] = o(f, /i — f, f2). Itis
interesting that some of them may be not only Virasoro integrable but also Painlevé integrable.
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1. Introduction

The soliton theory has attracted much attention
from both physicists and mathematicians because it
has been widely applied in many physically signif-
icant fields (such as fluids, optics and astrophysics,
etc.) [1]. (1+1)- and (2+1)-dimensional integrable
models have been deeply investigated. However, there
is little progress in the study of (n + 1)-dimensio-
nal (n > 3) integrable models though many physi-
cists and mathematicians have tried to find some
significant (3 + 1)-dimensional integrable models
[2, 3]

Recently, one of the present authors has proposed
some possible methods to search for some nontriv-
ial higher-dimensional integrable models under some
special meanings [4, 5, 6]. For instance, basing on
the fact that all the known (2+1)-dimensional inte-
grable models possess a common generalized centre-
less Virasoro type symmetry algebra,

o(f1), o(f)] = a(fofi — f1f2), (1)

while all the known (2+1)-dimensional nonintegrable
models do not possess this type of symmetry algebra,
we had defined [5, 7] a special type of integrability
under the meaning that a model (or its variant form)
possesses an infinite dimensional centreless Virasoro
type symmetry algebra. For convienience later, we

call this types of integrability as the Virasoro integra-
bility. In (1), f, and f, are arbitrary functions of a
single independent variable, say time ¢, and the dots
over the functions f, and f, present the derivatives
with respect to the independent variables.

Itis known that, when we say a model is integrable,
we should point out that the model is integrable un-
der what meaning? We may say a model is Painlevé
integrable if the model possesses the Painlevé prop-
erty, it is IST integrable if the model can be solved
by the inverse scattering transtormation, Lax inte-
grable if the model possesses a Lax pair, etc. Now
it is a natural and important question if can we find
some higher dimensional models which are not only
Virasoro integrable but also Painlevé integrable, IST
integrable or Lax integrable? In this paper we try to
find some (3+1)-dimensional models which have the
Virasoro integrability and the Painlevé integrability at
the same time via some concrete realizations of the
Virasoro-type symmetry algebra (1).

In Sect. 2, we sketch the general method to realize
the Virasoro symmetry algebra (1). In Sect. 3, a con-
crete realization of the Virasoro symmetry algebra (1)
is used to construct (3+1)-dimensional Virasoro inte-
grable models. In Sect. 4 we check the Painlevé inte-
grability for the Virasoro integrable models obtained
in the Sect. 3 via the Weiss-Tabor-Carnevale-Kruskal
(WTCK) approach. Section 5 a short summary and
discussion is given.
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2. General Theory

In order to find out the invariant equations of sym-
metry algebra (1), we have to realize the Lie algebra
(1) in terms of vector fields on the space S®U of
independent and dependent variables. In our case, S
is the four-dimensional space-time with coordinates
(z,y,z.t)and U is the space of real scalar functions
w(z,y, z, t). For Lie point symmetries, the vector field
V of symmetries in the space S@U have the general-
ized form

V=X(@.y z.t.ud, +Y(r.y t,u)d, 2)
+Z(x,y, tou)d. + T(r.y, t,u)ds + Uz, y, t,u)o,.

To realize the algebra (1), we can select f in (1) as
an arbitrary function of ¢ and restrict 7. X, Y, Z and
U as follows

T = f(t), (3)

{X,Y,Z,U} = { Z FOx;, Z %, Z 9z,
1=1 =1 =1

> £} n=1,23,..,

ol

where f =d' f/dt" and X,, Y}, Z; and U; are func-
tions of &, y, =.t. u and should be selected to satisfy
the commutation relation (1). In order to construct
invariant £"-order PDEs, we have to know how the
considered group acts on the first k™-order derivatives
Ugs Uys Uzy Uty ooy Ugigizmpr = 000, 0,8, (1 <
i+j+m+r < k) once we know its action on
(z,y,t,u). Since our entire approach is infinitesimal,
it is sufficient for us to know the &£™ prolongation of
the vector field V. The general formula for the k™
prolongation of a vector field V' is given by [8]

pfV =V +U"9, +UY9, +U%d, +U"d,, +... (4

ra gt 2"
+ E L du,

1<i4)+m+n<k

Ur=D,(U—-Xu,—Yu,—Zu. —Tus)+ Xuz, (5)
+ YUy ¥ ZUge ¥ Tips,

UY=D,(U—-Xu, —Yuy,—Zu, —Tu)+ Xugy (6)

+ YUy ¥ Llige F LUyt
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U =D, (U—-Xu,—Yuy—Zu. —Tu)+ Xu,, (7)

+ Yuy, + Zu.. + Tuy,

Ut=Dy(U - Xu, — Yu, — Zu. —Tup) + Xz (8)
+ }’uyt + ZU:{ + TU“.

i g I g
Urvs= t" DTL a y!z"t (9)
= (DI‘Y)U,I"W:“’I“ —(Dr)'v)uri-lym:mt"

— (DIZ)UJ.I—ly,:mntu — (DJ;T)uTl—ly,:mtnu,

Ltl”y‘:”'t" _ Dylvl_yy,qzu.,,. (10)
= (Dy/Y)lLl.wly/—|:min ot (DyY)uI,yJ:mu.

== (DyZ)ur’y/":”'*'t” = (D_TT)’lLIfy,—lzmth,

i j mgn I TR e
PR o P e (1

= (D:x\')'(l.rwly,:m—lln = (D:)')U,Iry/ol:m—ltu
= (D.:Z)uxr’yl:”‘t” - (D:T)“.r’yl:"’_’t"*’~

er'y":”'t” =D'L"I"y/:”‘[” (12)

- (Dt.’Y)llI»ly/:mtu—| = (Dt}’)'LLI.yJ+1Z,,.tn.-|
- (DtZ)ul.yy,:uul[n—l = (DtT)UI:yjzmtn,

where D,, D,, D. and D, are total derivatives. In
order to obtain some explicit invariant equations, we
can choose a concrete realization o = V| which sat-
isfies the Virasoro type algebra (1) and calculate the
kth prolongation. We know that the generalized V)
invariant equations should have the form [9]

A, y, 2, u, Uy, Uy, Uz, Uy
=0,

Uiglgs gnywe) (13

where the function A satisfies

pr®V;-A =0 (14)

To find such types of group invariant equations,
we should solve the corresponding characteristic
equations of (4) in which all the arguments in
(3) are viewed as independent variables. Solving
the characteristic equations, we can get a set of
elementary invariants. I.(r.y.z.t. U, ... Ugiyizoga),
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(I<i+j+p+q<k,r=1,23..). The general V| 3.(3+1)-Dimensional Virasoro Integrable Models
invariant equation then can be written as .

In order to get some concrete invariant equations,

HI,.L,Ix .. 1...)=0. (15) we have to find some concrete realizations of the

Virasoro-type symmetry algebra (1). In this paper we
Usually, the group invariants, I,, are f dependent. fix the realization as
However in the definition of the Virasoro integrability, . . .
the model should be f independent. So, to find the 01 =Vi = f(t)0: +(c2xf +csf)ds +c3yfo,  (16)
Yirasoro integrable rpodels. we should select the f- & C4:f8; & (cluf + esyi2 o,
independent models from (15).
where ¢y, ¢z, ¢3 and ¢4 satisfy ¢c; +cg+c3 — ¢ =1,

o = —1 (if ¢s#0). We can easily prove that oy = V) satisfies (1). Using the formulas (5) - (12), the
corresponding k" prolongation of the vector field (16) is

prVi = Vi # [(e1 — ) fue +csyzF10u, +[(e1 — e3) fuy + ez 10y, +[(c1 — ca)fu. +cexyflon,  (17)
+ [(er = Dfug +(cru — 2au, — c3yuy — cazus)f +(—csug + ceryz) fP10,,
+ (1 = 2 = D ftize + (01 = U — CTUgz — C3YUzy — C42Uz2) f +(Coy2 — C5ttze) fO10u,,
+ [(c1 = ¢35 = Dfttye + ((c1 = €3)Uy — C2TUZy — CaYUyy — Ca2Uy)f + (622 — C5tizy) fP]u,,
+ [(c1 — ca — D ftize + (€1 — Ca)tiz — CaTUL, — CaYUy; — Ca2=.)f + (C6TY — Cstz fO10u,,

+ [(c1 — 2 = 3) gy + c62f10u,, +1(c1 — 2 — ) fiz: + ey f10u,.

k k
T [(Cl —C3— ('4)fuy: . Céxf]au,,z L Z(Cl - ncZ)funrau,,‘, + Z(Cl - 7163)funyau,, i

n=2 n=2
k.

+ Z(('l = ”C4)f“n:au,,: + [(Cl —C —C3 — c4)fua:yz + c()f]au, i

n=2

+ Z (€1 — ney — mey — 1¢4) fgnym zr 0y, -
I<n+m+r<k

P y 3
+ [ler =26 = 1) tgas — (22 — c)uze + C2TULes + C3YUgzy + ('4:urrz)f - CS'U;ra:zf( )]au,,,,:,
f : 5 3
+ [(CI —C —C — ])fua:yt _((CZ +c3 — cl)uzy + CQTUgzzy + C3YUzyy + c4~9u1y:)f - C5urxyf( )]aumu,
" " .. 3
+ [(c) —cr—cy — l)fu:yt —((ca+cq — 1)Uz, + C2TUg, + C3YUzy: + C4~'uz::)f - Cﬁux:zzf( )]au“,

+ E [(cy =ney —mey —res — 1) fugnym ey — (C2mUpnstym o+ CIYUgrn st 5o
I<n+m+r<i—|

+ CaZUgnym vt +(—Cp +NCy +MC3 + TC4IUGn o = ) = es U+l gy 2o f('z)]au}, S

+ terms of higher order ¢-derivatives.

From (17), we can get the characteristic equation
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dt dz _dy dz du o dugigizmgp
[ for+esf fay  feazr  fau+cgzyzf 00 UTVEMY

=... (18)

Substituting the extensions U ¥'="'" of the vector V; into (18) and solving it, we can obtain all the elementary
invariants of (18). Here are some special examples:

Li=af~ —csf, h=yf™, L=zf, (19)
. | . .
Li=uf™ —cei LIz f — sesce a3 fo Is = uo f7° = ce L Ia f, (20)
: 1 . s .
I =ty f~7% — e | Inf — EC'5C6]3f2- [=u, f~ — | L f — ;csa,[zfz, 1)

Is = uef1=% + f—e1 Ly + ey Is + ealods + eals ) — (ee D Tals — esIsXFF = 2, To =uzaf27%,  (22)

IlO = uxyf_cﬁ'cﬁc‘ o fC@]}, [“ = U,J;zf‘_c‘ﬁ:ﬁu - fC612, I|2 = ’uyyf.‘cﬁzm, (23)
. o1 ;
Iz = uy:fﬁv|+('1+u — ol f — ;CSC()fz. Iy = uzszCd'-C‘ ) (24)
Iis = uge f' ™ 4+ (2 — ) Is + eay Iy + eala yo + cals I 1 f = (cslols — esIo)(f f — f2), (25)
116 _ uly:fc3+(-,+(»47c| _ (4(1,f~ J,z = Uypn f‘cﬁ—ncz‘ Jg - uy”f—c|+nm‘ J; = U.n f—cﬁ-nc;. (26)
Jpmr = Ugnym ge fTEOTHENETTE (n 4y m 47> 3exceptforn =m =1 = 1), (27)
L7 = Upet f 792 4 (202 — e) o + 2 [} J§ + e3L Jp10 + calsJao))f + esJY(ff — 7, (28)
N1y = Upaet f 79 + (Ber — e)JF + 2y JF + e3haJsio + calzsJao)) f + esTE(fFf = f2), (29)
L9 = Ugpys f 72 + (202 + €3 — ¢1)Ja10 + 211 Ja10 + ¢3 2 Jag0 + cals o) f + esTao(ff — £, (30)

Lo = oo f T 4 (Bey + ¢q — e oo + 2l Tor + s laJan + cals ) f +esTol(ff = £, (31

Substituting the invariants shown in (19) - (31) into the generalized invariant equation (15), we can get various
(3 + 1)-dimensional models which possess the Virasoro-type Lie point symmetry algebra (1). In general, (15)
is f-dependent. According to the general theory of the last section, a Virasoro integrable model with algebra
(1) should be f-independent. However, it is very difficult to find all the possible f-independent invariant
equations because the invariants listed in (19) - (31) are dependent on the function f in a very complicated
way. Fortunately, it is still possible to selected some f-independent invariant equations from (15). Here we
give out only some special examples:
(i) Selecting A = z—c-("—‘L B= —%f. G = —g—:—. D= —éf’c—:ﬂ and from the V] invariant equation

Li7Jy — LigJy + Alol o Jy + BI1Ji Joo+ CligJy Joor + D16 J3 J5 — BI 1 J5 J310 — ClioJy Jao1 =0 (32)

we can obtain the f-independent equation

Co(UpztUrrrr — Uppatllors) (202 = €Uz Uzzoalioy: — (362 — CUGy=UT,, (33)
+ 3tz s (Uzse Urezy — UzzylUozez) T Calzy(UprsUrrs: — UzzzUsrzs) =0,

where c). 3. ¢4, and ¢, are arbitrary constants. The corresponding Virasoro-type symmetry is
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o= f(t)o; + (crz f + cs ), — c;yfay + C4zf82 + (cluf + cozyzf)0y (34)
(1) If we take ¢4 =2 +¢) —c3, A = %{B =.D= —%i,C = _m;:,—_z we obtain an f-independent

equation

cﬁ(urxyturrx: — UgpzztUzaz z/) + (2 +Cf = C})uryzuzzyuxzz: — C3UgyzUgz:zUzzay (35)

+ ('3“1:(“'.T,r.ry“.rxz:y: — Uzzz:z uxryy) ¥ (C3 —C — 2)uzy(u1122uzzry - U‘."L‘Iy:“’?bl‘l‘:) = 0
from the invariant equation
Lo Jso1 — LigJ3i0 + Alol 6 Jy + Bl J301J220 + ClioJ211J220 + D116 D201 J310 — Bl 3107211 (36)

— ClLpJanJ310 =0,

where ¢, ¢3 and ¢g are arbitrary constants.

4. The Painlevé Property of (3+1)-dimensional
Virasoro Integrable Models

In this section, we would like to select some
Painlevé integrable models from the Virasoro inte-
grable models listed in the last section. The singularity
analysis formulated by Weiss, Tabor, and Carnevale
(WTC) [10] is a useful and simple method to check
the Painlevé integrability of a model. According to
the WTC approach, we say a model possesses the
Painlevé property if all the solutions of the model are
single-valued about an arbitrary singularity manifold
which is given by ¢(x,y, z,t) = 0. For simplicity
to prove the Painlevé property, Kruskal has proposed
that the singular manifold ¢(x, y, z, t) can be replaced
by z + ¢,(y, z, t) with arbitrary analytical ¢,(y, z,1)
[11]. In order to perform the Painlevé analysis of the
(3+1)-dimensional PDE model (33), we can rewrite
1t as

(WatVszz = VsatVez) + 5 Vs lezalys = Wiyl (37)
+ €3V (Vzz Vzay — VoyVzzz)
+ C4Vy (Voe Vszz — VazVazs) =0

and fix ¢y = —1/2,c2=1/2,¢cs =0,and c3+¢c4 =0

by using v = u,.

With the help of the leading order analysis that is
used in the standard WTC method, v can be expanded
about the singularity manifold ¢ =z + ¢,(y, z, t) as

oo
g — 5T —2
v = E v ¢’

=0

(38)

where ¢ = ¢,(y, z,t) and v; = v;(y, z, t) are analyti-
cal functions of y, z, t. Substituting (38) into (37), we
get the recursion relation of the coefficients v;

FGHDG=2)v; = Fi (01, Brys v, V05 V1s -, V—1),(39)

(37=0,1,2,...),
where F(¢1, 1y, -.-, Vo, V1, ..., vj—1) is acomplicated
function of ¢y, @1y, ..., v0, V1, ..., Vj_1.

From (39) we know that the resonances occur at

j=-1,0,2. (40)
The resonance at j = —1 corresponds to the arbitrary
singularity manifold ¢ and j=0 corresponds to the
arbitrary function vg. From the recursion relation (39),
we have

2
2(c301:v0y + C401yV0:)
Y= )

Qslz@ly

3=y (41)

7=2 (42)

2cB”Oz”oy - 2¢Iy: VU] _4C4¢1y'vlzvf) _4C3¢12Ulyv0

2
_2Ul¢lyv0z + 3¢1z@lyvl - 2U1¢121U0y +* 2(;41)0z7-}0y

- 2‘241)l¢13,lu(): - 2C3vl¢lzv()y =0.

According to the standard WTC approach [10], we
know that if a model possesses the Painlevé prop-
erty, all the resonance conditions should be satisfied
identically. So, for the model (33), if it is Painlevé in-
tegrable, a further compatibility condition (42) must
be satisfied. It is clear that (42) is satisfied identically
only for ¢ = —¢q4 = 0. So (33) with ez = ¢4 =0
is integrable under the meaning that it possesses the
Painlevé property.
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Using the similar analysis to the model (35), we
find that it is only Virasoro integrable but not Painlevé
integrable.

5. Summary and Discussion

In summary. starting from every realization of the
Virasoro-type of symmetry algebra (1) we are able
to obtain various Virasoro integrable models. Using
two special types of concrete realization of the Vi-
rasoro symmetry algebra, we have write down four
special Virasoro integrable models. Usually, a Vira-
soro integrable model might not be integrable un-
der other meanings. Fortunately, we have shown that
some types of Virasoro integrable models may also
be Painlevé integrable, (33) for ¢, = —1/2,¢; =
1/2,63 =C4 =0

Actually, from every realization of the Virasoro-
type of symmetry algebra (1) we may obtain infinitely
many Virasoro integrable models. For instance, some
terms like

(Ugon ) (Wtgn Y Wz ), (gt yor )™ (zmn ), (43)

(u_l.rrr:u"j:l‘l )”:.

for the arbitrary real constants a,b, c,a;,b; and a;
with the conditions
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