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In this paper, some Virasoro integrable models are obtained by means of the realizations of 
the generalized centerless Virasoro-type symmetry algebra, [<j(/i), a(/o)] = o"(/2/i — / i / : ) - It is 
interesting that some of them may be not only Virasoro integrable but also Painleve integrable. 
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1. Introduction 

The soliton theory has attracted much attention 
from both physicists and mathematicians because it 
has been widely applied in many physically signif-
icant fields (such as fluids, optics and astrophysics, 
etc.) [1], (1 + 1)- and (2+1 )-dimensional integrable 
models have been deeply investigated. However, there 
is little progress in the study of (n + 1 ^dimensio-
nal (n > 3) integrable models though many physi-
cists and mathematicians have tried to find some 
significant (3 + 1 )-dimensional integrable models 
[2, 3]. 

Recently, one of the present authors has proposed 
some possible methods to search for some nontriv-
ial higher-dimensional integrable models under some 
special meanings [4, 5, 6]. For instance, basing on 
the fact that all the known (2+l)-dimensional inte-
grable models possess a common generalized centre-
less Virasoro type symmetry algebra, 

[flr(/i),<r(/2)] = <r(/2/i - / 1 / 2 ) , ( 0 

while all the known (2+1 )-dimensional nonintegrable 
models do not possess this type of symmetry algebra, 
we had defined [5, 7] a special type of integrability 
under the meaning that a model (or its variant form) 
possesses an infinite dimensional centreless Virasoro 
type symmetry algebra. For convienience later, we 

call this types of integrability as the Virasoro integra-
bility. In (1), /1 and / 2 are arbitrary functions of a 
single independent variable, say time t, and the dots 
over the functions f\ and / 2 present the derivatives 
with respect to the independent variables. 

It is known that, when we say a model is integrable, 
we should point out that the model is integrable un-
der what meaning? We may say a model is Painleve 
integrable if the model possesses the Painleve prop-
erty, it is 1ST integrable if the model can be solved 
by the inverse scattering transformation, Lax inte-
grable if the model possesses a Lax pair, etc. Now 
it is a natural and important question if can we find 
some higher dimensional models which are not only 
Virasoro integrable but also Painleve integrable, 1ST 
integrable or Lax integrable? In this paper we try to 
find some (3+l)-dimensional models which have the 
Virasoro integrability and the Painleve integrability at 
the same time via some concrete realizations of the 
Virasoro-type symmetry algebra (1). 

In Sect. 2, we sketch the general method to realize 
the Virasoro symmetry algebra (1). In Sect. 3, a con-
crete realization of the Virasoro symmetry algebra (1) 
is used to construct (3+l)-dimensional Virasoro inte-
grable models. In Sect. 4 we check the Painleve inte-
grability for the Virasoro integrable models obtained 
in the Sect. 3 via the Weiss-Tabor-Carnevale-Kruskal 
(WTCK) approach. Section 5 a short summary and 
discussion is given. 
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2. General Theory 

In order to tind out the invariant equations of sym-
metry algebra (1). we have to realize the Lie algebra 
(1) in terms of vector fields on the space S<S>U of 
independent and dependent variables. In our case, 5 
is the four-dimensional space-time with coordinates 
(rr, y. z, t) and U is the space of real scalar functions 
u(x, y, t). For Lie point symmetries, the vector field 
V of symmetries in the space 50C/ have the general-
ized form 

V7 = X(x. -y, z. t. u)d.r + Y(.i\ y, w)3y (2) 

+ Z(x, y, t, u)dz + T(x, y. t. u)dt + U(x, y, t, u)du. 

To realize the algebra (1), we can select / in (1) as 
an arbitrary function of t and restrict T, A', Y, Z and 
U as follows 

T = fit), (3) 
a n n 

{A', y, z, U) = { Y , fU)-x>-E E /(<>z» 
7=1 7=1 7=1 

II 
n = 1,2,3,..., 

7=1 

where f(l) = d' f / d f and A',, and Ul are func-
tions of x, y, c. tf, u and should be selected to satisfy 
the commutation relation (1). In order to construct 
invariant fcth-order PDEs. we have to know how the 
considered group acts on the first /cth-order derivatives 
ux, uy, uz, ut uX'yj v = < 
i+j + m + r < k) once we know its action on 
(x, y, t, a). Since our entire approach is infinitesimal, 
it is sufficient for us to know the klh prolongation of 
the vector field V. The general formula for the fcth 

prolongation of a vector field V is given by [8] 

prkV = V + Uxdv, +UydUii+UzdU:+UtdUl+... (4) 

+ y . 
l<i+j+m+n<k-

Ux = DAU - Xux — Yiiy — Zu - —Tut) + Xuxx (5) 

+ Yuxy + Zuxz + Tuxt, 

Uy = Dy(U - Xux - Yiiy - Zuz - Tut) + Xuxy (6) 

+ YUyy + ZtlyZ + T U y ( , 

Uz = DZ(U - Xux - Yuy - Zu. - Tut) + Xuxz (7) 

+ Yuyz + Zuzz + Tuzt, 

Ul = Dt(U - Xux - Yuy - Zu. - Tut) + Xuxt (8) 

+ Yuyt + Zuzt + Tutt, 

jjx' y:l z"' t" = DxU,-<y'z'"t" (9) 

- (DxX)ux,ylz,„tn - (DxY)uxi-iyi*iz,»tn 

- {DxZ)Ux,-\y> -m + l(„ — (DxT)Uxi-lyjz,ntn+i, 

jjx' yJ z"' t" =DyUx,Vi~,z"ltn
 (10) 

- (DyX)Ux,Myj-\z,nV, - (DyY)Ux,yJ z,ntn. 

- (DyZ)Uxiyj-\zm + \tn — (DxT)Uxiyj-\zin. tn+l , 

jjx' yJ z"' i" _ DzUx'y'z'"-]t" (1]) 

- (DzX)Uxi*\yj-,n-\tn - {D.Y)Ux,yl + \z,n-> £„ 

- (D.Z)Ux,yJz.ntn ~ (DzT)Ux,ylz,u-lt„ + l, 

jjx' yi z1" t71
 = DtUx'y >z'"t"-i (]2) 

- (DtX)Ux,*\yjzlntn-i ~ (DtY)Ux>yj+\z,ntn-1 
- (DtZ)Ux<yJz,n + lt„-| ~ (DtT)Uxiyjz^tn, 

where D r , Dy , £). and are total derivatives. In 
order to obtain some explicit invariant equations, we 
can choose a concrete realization a = V\ which sat-
isfies the Virasoro type algebra (1) and calculate the 
kth prolongation. We know that the generalized V\ 
invariant equations should have the form [9] 

A(x,y,z,t,u,ux, uy, uz,uu ..., ux,yJz,nV,,...) (13) 

= 0, 

where the function _A satisfies 

pr(/c)V'i A = 0 (14) 

To find such types of group invariant equations, 
we should solve the corresponding characteristic 
equations of (4) in which all the arguments in 
(3) are viewed as independent variables. Solving 
the characteristic equations, we can get a set of 
elementary invariants. Ir(x. y. z. t. u,..., ux,yJzl,vl), 
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(1 <i+j+p + q<k,r= 1.2,3...). The general V\ 3. (3+l)-Dimensional Virasoro Integrable Models 
invariant equation then can be written as 

In order to get some concrete invariant equations, 
H{I\, ..., / r , . . . ) = 0. (15) we have to find some concrete realizations of the 

Virasoro-type symmetry algebra (1). In this paper we 
Usually, the group invariants, Ir, are f dependent. f jx the realization as 
However in the definition of the Virasoro integrability, 
the model should be f independent. So, to^find the = = + (c2xf + csf)dx + c?yfdy (16) 
Virasoro integrable models, we should select the / - , „ _ ̂  , , ,, , „ -ix-j 
independent models from (15). 

w h e r e ci, c2, cj a n d c 4 s a t i s f y c2 + C4 + C3 — c\ = 1, 

c2 — — 1 (if cST^O). We can easily prove that o\ = V\ satisfies (1). Using the formulas (5) - (12), the 
corresponding klh prolongation of the vector field (16) is 

pr(fc)Vi = Vi + [(ci - c2)fux + c6yzf]dUr + [(cj - c3)fuy + c6xzf]dUy + [(c, - c4)fuz + c6xy'j]dUz (17) 

+ [(ci - 1 )fut +{c\u- c2xux - c3yuy - c4zuz)f + (~c5ux + c6xyz)f0)]dUt 

+ [(cm - c2 - I )fuxt + ((ci - c2)ux - c2xuxx - cjyuxy - c4zuxz)f + (c6yz - c5nxx)f0)]dUj:t 

+ [(Cl - C3 - 1 )fuyt + ((Cl - CT,)Uy - C2XUXy ~ C^Uyy ~ C 4 Z U y , ) / 4" (C(, X Z ~ C^U X y) f ^ ]3 Uyf 

+ [(Cl - c4 - 1 )f uzt + ((Cl - c4)uz - c2xuxz - c3yuyz - c4zuzz)f + (c6xy - c5uxzf0)]dUzt 

+ l(C| - C2 - Ci)fuxy + c6zf]dU:i:y + [(Cl - Ol - c4)fuxz + c6yf]dUj:z 

k k 
+ [(C, - C3 - C4)fuyz + c6x'f]dUy2 + - nc2)funxdUjLx + ^ ( c i - nc3)funydUiLy 

n=2 n-2 
k 

+ £ ( d ~ ' 1 C 4 ) f l l n = d U n z + [(Cl - C2 - C3 - C4)fuxyz + C6f]dUryz 
n=2 

+ Y ~ n C ' 2 ~ ~
 mCl ~ rC4)f Uxr,ynzr dUj:„ y „ l z , . 

3<n+m+r<k 

+ [(C| - 2c2 - 1 )fuxxt - ((2c2 - C\)uxx + c2xuxxx + cyyuxxy + c4zuxxz)f - c^iixxxf0)]dU:i::r1 

+ [(c 1 - c2 - C3 - 1 )fuxyt-((c2 + c3 - C\)uxy + c2xuXXy + c3yuxyy + c4zuxyz)f - c5uxxyf(3)]9u.tyt 

+ [(Cl - C2 - c4 - 1 )fuzyt-((c2 + c4 - C\)uxz + c2xuxxz + CT,yuxyz + c4zuxzz)'f - c5uxxzf0)]dUxzt 

+ Y KC| _ nCl ~ mC3 ~ rC4 _ \)fUX"y'"z't - (C2XUxn+\y„, z, + Cyyuxny,n+\zr 
3 <n+m+r<k— I 

+ c4zuxny,nz,^ + ( C\ + nc2 + mc3 + rc4)uxny„,.., )] - c5uxn^yl„.z, f0)]dU:i:llyinzT.t 

+ terms of higher order ^-derivatives. 

From (17), we can get the characteristic equation 
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dt _ dx _ d y _ d~ _ d a _ _ dux,.yJ z,„.v _ 

/ fc2x + c$f fcry fc4z fc\u + c6xyzf u^yj^v 

Substituting the extensions UX'Y'Z"'V of the vector V\ into (18) and solving it, we can obtain all the elementary 
invariants of (18). Here are some special examples: 

j , = x r C 2 - c 5 / , h = v.rc\ h = (i9) 

U = uf-c1 - c(J\hh.f - \c,c6I2hf. h = uxr-'c1 - c6I2hf, (20) 

/ 6 = U t f / - c » + < * - C 6 / | h f ~ \ c , c , h f \ h = uzf~cx+c4 - c 6 / i / 2 / - \ c 5 C ( J 2 f \ (21) 

/ 8 = + / ( - c , / 4 + c-2/,/5 + C3/2/6 + C 4 / 3 / 7 ) - (C6/1/2/3 - C 5 / 5 X / / - / 2 ) , I9 = Uxxflc2~c\ (22) 

/10 = uxyrc[+ci+c3 - /c 6 /3 , = uxzrcx+ci+c* - fc6h, hi = uyyrc>+2c\ (23) 

/ . 3 = uyzf-c,+c'+c4 - C 6 / I / - ^ C 5 C 6 / 2 , 7,4 = uzzf2c*~c>, (24) 

/ i s = « X J C 2 + 1 _ C ' + [(C2 - c , ) / 5 + C2/1/9 + C3/2/10 + C 4 / 3 / , , ] / - (C6/2/3 - C 5 / 9 X / / - / 2 ) , (25) 

/16 = uxyzr-+c^-c< - c 6 / , rn = ux,rc'+nc\ Jy
n = uy»rc>+nc\ J ; = uz-rc'+nc\ (26) 

J „ m r = uxl,.y,l,.zrf-ci+nc2+mc*+rc\ (n + 771 + r > 3 except for n = m = r = 1), (27) 

/17 = ^ f / ' ~ c i + 2 c 2 + ((2C2 - c , ) / 9 + c 2 / , J3X + C3/2 J210 + C4/3J201)/ + c5 J ? ( / / - A (28) 

/ i s = u x x x t f l - c ^ + ((3C2 - c , )J? + c 2 / , J4* + C3/2J310 + c4 /3J301)/ + c5 JZU'f - / 2 ) , (29) 

/ i9 = uxxytfl~c,+2c2+c* + ((2 c2 + C3 - C,)J210 + C2 / i J310 + C3/21/220 + C4/3J211)/ + c 5 J m ( f f - / 2 ) , (30) 

/20 = « , « T / ' - C , + 3 C 2 + C 4 + ((3C2 + C4 - C,)J201 + C2/I J301 + cj,I2J2\\ + C4/3J202)/ + c 5 j m ( f f - / 2 ) , (31) 

Substituting the invariants shown in (19) - (31) into the generalized invariant equation (15), we can get various 
(3 + l)-dimensional models which possess the Virasoro-type Lie point symmetry algebra (1). In general, (15) 
is /-dependent. According to the general theory of the last section, a Virasoro integrable model with algebra 
(1) should be /-independent. However, it is very difficult to find all the possible /-independent invariant 
equations because the invariants listed in (19) - (31) are dependent on the function / in a very complicated 
way. Fortunately, it is still possible to selected some /-independent invariant equations from (15). Here we 
give out only some special examples: 

(i) Selecting .4 = 2 c-~ c | . B = = D = - 3 c - ~ c | and from the V\ invariant equation Cfi Cf, Cfi Cf, 

I\-JJ4 — + . 4 / q / | 6 J 4 + BI\\J4 J210 + CI10J4 J201 + - BI\\J{ J310 - C/[()J 3
r J301 = 0 (32) 

we can obtain the /-independent equation 

C(,{uxxtuxxxx - iLxxxtuXxx) + (2c2 - c\)uxxuxxxxuxyz - {3c2 - C\)uxyzu]:xx (33) 

+ CtiUxz{ ltxxx U'xxxy UxxyUxxxx) + C4uxy(uxxxllxxxz UXXZ1LXXXX) — 0, 

where c\, C3, c4, and c6 are arbitrary constants. The corresponding Virasoro-type symmetry is 
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a = f(t)dt + (c2xf + r5./>),. - cyyfdy + c4zfdz + (cxuf + c6xyzf)dz 

593 

(34) 

(ii) If we take c4 = 2 + c, - a, A = C,+2~C\B = D = = we obtain an /-independent Cf, c6 c6 

equation 

c 6 ( w xxyt "in — UxxztUxxxy ) + (2 + c\ - c3)u xyz^xxy UXxxz - cya 
• Ui Ui 

^xxxz^xxyy) (^3 2)uxy(u 

xyz ^xxz ^xxxy (35) 

1122 "-xxxy ^xxyz^xxx C3 UX z ( UXXXy "Myz 

from the invariant equation 

^19^301 — / . 8 J 3 . 0 + Alql^JZ + BI\\J301J220 + C I\qJ2\ 1J220 + - D / 1 6 / 2 0 1 ^ 3 1 0 — - ß / n J 3 1 0 J 2 1 1 

— C/10J2()i'hw - 0, 

where ci, C3 and c6 are arbitrary constants. 

(36) 

4. The Painleve Property of (3+l)-dimensional 
Virasoro Integrable Models 

where 0i = 0i(t/, z, t) and Vj = Vj(y, z, t) are analyti-
cal functions of y, z, t. Substituting (38) into (37), we 
get the recursion relation of the coefficients v3 

j(J+^)(j-2)Vj = Fj{(p\, (p\y, ...,vo, v\,..., V j _ 0 , ( 3 9 ) 

0 = 0 , 1 , 2 , . . . ) , 

, VQ, v\,..., Vj-1) is a complicated 

From (39) we know that the resonances occur at 

J = - 1 , 0 , 2 . (40) 

In this section, we would like to select some 
Painleve integrable models from the Virasoro inte-
grable models listed in the last section. The singularity 
analysis formulated by Weiss, Tabor, and Carnevale w h e re Fj(01, (\>\y 

(WTC) [10] is a useful and simple method to check ^ j ; ; ; ; l 0 ; ^ ; ' : ^ : 
the Painleve integrability of a model. According to 
the WTC approach, we say a model possesses the 
Painleve property if all the solutions of the model are 
single-valued about an arbitrary singularity manifold X h e reSonance at j = -1 corresponds to the arbitrary 
which is given by (f>(x,y,z,t) = 0. For simplicity singularity manifold 0 and j=0 corresponds to the 
to prove the Painleve property, Kruskal has proposed a rbitrary function v0. From the recursion relation (39), 
that the singular manifold 0(x, y, 2, t) can be replaced w e b a ve 
by x + 0 i ( y , z,t) with arbitrary analytical <fi\(y, z,t) 
[11]. In order to perform the Painleve analysis of the 
(3+l)-dimensional PDE model (33), we can rewrite 
it as 

^(Ci(j)\zVoy +C4(f>\yV0z) 
J = \ , v i = - — , (41) 

01*013/ 

3 = 2, (42) 
3 2 

(VxtVxxx — vxxtvxx) + -vxvxxxvyz — 2vyzvxx (37) 2cTtVQZvoy — 2(f)\yzVQV\ —4c4(t)\yv\zVQ — '\cT>(f)\zv\yVQ 

+ ciVziy* Vxy Vx.xx) 

+ c4vy(vxxvxxz - VXZVXXX) = 0 

and fix c\ = — 1 /2, c2 = 1 /2 , C5 = 0, and C3 + c4 = 0 
by using v = ux. 

-2v\(j)\yvoz + 30i-0iy't;2 - 2^101 zv0y + 2C4VQZVQV 

— 2c4v\(f)\yVQz - 2cyv\(f)\zvoy = 0. 

According to the standard WTC approach [10], we 
know that if a model possesses the Painleve prop-
erty, all the resonance conditions should be satisfied 

With the help of the leading order analysis that is . n c f , , .,•.„• n • , . • , . , \ ,„ r r T ,^ f , , 1 , identically. So, tor the model (33), 11 it is Painleve in-
used in the standard WTC method, v can be expanded ^ a { u t ± r t a t l b m c o n d l t i o n ( 4 2 ) m u s t 

about the singularity manifold ct> = x + 0,(t/, 2, t) as b e s a t j s f i e d ft ^ ^ ( 4 2 ) j s s a ü s f i e d i d e n ü c a l l y 

oo only for C3 = —c4 = 0. So (33) with C3 = C4 = 0 
= 5 > 

(38) is integrable under the meaning that it possesses the 
Painleve property. 
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Using the similar analysis to the model (35), we 
find that it is only Virasoro integrable but not Painleve 
integrable. 

5. Summary and Discussion 

In summary, starting from every realization of the 
Virasoro-type of symmetry algebra (1) we are able 
to obtain various Virasoro integrable models. Using 
two special types of concrete realization of the Vi-
rasoro symmetry algebra, we have write down four 
special Virasoro integrable models. Usually, a Vira-
soro integrable model might not be integrable un-
der other meanings. Fortunately, we have shown that 
some types of Virasoro integrable models may also 
be Painleve integrable, (33) for c\ = —1/2, = 
1 / 2 , C3 = C4 = 0 . " 

Actually, from every realization of the Virasoro-
type of symmetry algebra (1) we may obtain infinitely 
many Virasoro integrable models. For instance, some 
terms like 

(ux,n)a(uy„ )b(uzr)c. )° ' (u2 , . , ) f", (43) 

(UX>»2y»2=n )"2, ... 

for the arbitrary real constants a, 6, c, a\,b\ and a2 

with the conditions 

a ( m c 2 - c i ) + b(nci — c\) + c(pc4-c\) = 6c2 —2ci + l , 

m.n.p>2. (44) 

ai(?nic2 + t i i — ci) + &i(pjc4 - ci) = 6C2 —2ci + l, 

Pi > 2 , m 1 + 11 \ > 3 . (45) 

a2(m2c2 +112 C3 + P2C4 — c\) = 6C2 — 2CI + 1, 

m2 + n2 + p2 > 3, m2n2p2 ^ l (46) 

can also be added to (33). 
Though we have obtained many (3+1 )-dimensional 

Virasoro integrable equations and one model is 
Painleve integrable. there are various open, interest-
ing and important questions. For instance, what kinds 
of Virasoro integrable model would be Painleve in-
tegrable at the same time? Can we find, some (3+1)-
dimensional 1ST integrable or Lax integrable models 
from the Virasoro integrable models? Can we find and 
how to find the multisoliton solutions of the Virasoro 
integrable models? All these problems are worthy of 
further study. 
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